This is the third of a series of papers devoted to develop a microscopical approach to the dipole emission process and its relation to coherent transport in random media. In this paper, we compute the power emitted by an induced dipole and the spontaneous decay rate of a Lorentzian-type dipole. In both cases, the emitter is placed at the center of a real cavity drilled in a continuous medium.
This is the third of a series of papers devoted to develop a microscopical approach to the dipole emission process and its relation to coherent transport in random media. In this paper, we compute the power emitted by an induced dipole and the spontaneous decay rate of a Lorentzian-type dipole. In both cases, the emitter is placed at the center of a real cavity drilled in a continuous medium. It is known that the spontaneous emission rate, Γ, in a dielectric medium depends on the interaction of the emitter with the environment [1] . This is so because the surrounding medium determines the number of channels through which the excited particle can emit. That is, the local density of states (LDOS). For practical purposes the understanding of the spontaneous emission rate of a fluorescence particle is of great interest in biological imaging [2] . Closely related is the process of emission/reception by nano-antennas [3] . Also, inhibition of spontaneous emission is expected to occur in photonic band gap materials [4] as a signature of localization.
In a previous paper [5] , general analytical formulae were derived for LDOS and Γ as functions of both the electrical susceptibility of the medium and the geometry of the embedding of the emitter in it. There, three different cases are addressed attending to the nature of the emitter. In the first case, the emitter is a polarizable dipole of transition amplitude µ at resonance. In the second case, the emitter is a non-resonant dipole of polarizability α with induced dipole moment ǫ 0 α E 0 , where E 0 is a fixed exciting field. In the third case, the emitter is a fluorescent particle seated on top of a polarizable host particle. Attending to the embedding of the emitter and the topology of the system emitter-host-medium, we differentiated two cases [5] . In the first one, the emitter is equivalent, replaces or is placed on top of a host scatterer. In such a case, by consistency, the topology of the medium is that of a disconnected manifold -known also as cermet topology-in the sense that the medium is made of spherical inclusions and the emitter takes the place of one of those inclusions. Attending to the embedding, the emitter is placed within a virtual cavity but for the case it replaces a host scatterer. The spatial correlation of the emitter with the surrounding medium is given by the same correlation function which enters the electrical susceptibility tensor,χ. Spatial dispersion inχ is inherent to that topology. This scenario was studied in [6] with an emitter seated on top of a host scatterer. A relation between the complex refraction index of the host medium and the spontaneous decay rate was found. In this paper we will focus on the remaining topological case. The emitter is seated at the center of a spherical cavity drilled in a homogeneous medium. This medium is continuous as seen by the emitter provided that the cavity radius, R, is much larger than any correlation length between the constituents of the host medium, ξ. Thus, the cavity is real. On the other hand, if the wavelength of the emitted field, λ, is that long that it cannot resolve neither the microscopical structure of the medium nor the cavity, the medium is also continuous as seen by the propagating field. Consequently, the host medium is characterized by a scalar susceptibility χ which does not present spatial dispersion. Topologically, this setup corresponds to that of a simply-connected-non-contractible manifold with a unique hollow sphere -see Fig.1 . Regarding the emitter nature, two scenarios will be addressed for their potential interest in biological imaging and signal processing. In the first one, the emitter will be a polarizable particle excited by an external fixed field of frequency much lower than any of the resonance frequencies of the emitter. The physical quantity to compute in this case will be the power emission, W α . In the second case, the emitter will be a polarizable particle which decays at some resonance frequency. Dipole induction will be encoded in the emitter itself as it will be assumed to be of Lorentz-type. Thus, the net effect of the host medium will reflect on a variation in the spontaneous decay rate, Γ α , together with a shift in the resonance frequency with respect to those values in free space.
In the first scenario, the formula for the power emitted by an induced dipole reads
where ω 0 is the frequency of the exciting field E ω 0 , with k 0 = ω 0 /c much lower than any internal resonance frequency and α 0 ≡ 4πa
ǫe+2 is the electrostatic polarizability of the emitter in vacuum, being ǫ e (ω 0 ) its dielectric contrast and a its radius. For our topological setup, the γ-factors γ ⊥, are given by [5] 2γ
withk evaluated at k 0 and where the cavity factors C ⊥, are 
with cos θ ≡k·k ′ . In these equations, h C (k) is the Fourier transform of the correlation function which describes the isolation of the emitter within a real cavity. For a spherical cavity of radius R, h C (r) = −Θ(r − R). In the above equations G ⊥ and G are respectively the transverse and longitudinal components of the renormalized propagator of the coherent -macroscopic-electric field in the host medium. They read,
,k being a unitary vector along the propagation direction and ∆(k) ≡ I −k ⊗k being the projective tensor orthogonal to the propagation direction. In these expressions, ǫ ⊥, (k) = 1 + χ ⊥, (k). Because no spatial dispersion is assumed in the continuous medium, ǫ ⊥ = ǫ ≡ ǫ are functions ofk only.Ḡ (0) ⊥, are the components of the propagator of the electric field in free space with bare wave numberk. They are given by the above formulae,Ḡ ⊥ ,Ḡ , with ǫ ⊥ = ǫ = 1.
In the second scenario, the emitter nature differs from that in [6] . In the present case, the dipole moment of the emitter is not a linear combination of a fixed and an induced dipole. Rather than that, the emitter is polarizable in its own and its polarizability function α(k) gets renormalized as a result of iterative self-polarization processes,
In the above equation, the γ-factors are those in Eqs. (4, 5) . In addition, the term
⊥ } has been introduced to account for the internal resonance of the emitter in vacuum. As shown in [7] , it plays the role of a regulator of the intrinsic ultraviolet divergence in
, where α 0 is the corresponding real electrostatic polarizability and k 0 is the resonance wave number in vacuum. Following [8] , by parametrizing Eq.
, we can iden-tify the decay rate of the emitter in the host medium as
where k res is a real non-negative root of the equation
2 is the renormalized electrostatic polarizability and Γ 0 = cα 0 k 4 0 /6π is the in-vacuum emission rate. As argued in [8] , consistency with Fermi's golden rule requires α 0 = 2|µ| 2 ǫ0 ck0 , µ being the transition amplitude between two atomic levels in vacuum.
In view of Eqs. (1,2,3,9) , we can address in parallel the computation of W α and Γ α for each scenario described above. The computation reduces to the evaluation of 2γ
Following [5, 6] , we will decompose Γ α and W α in transverse and longitudinal components,
Neglecting longitudinal resonances as in [6] , only the transverse components contain propagating modes, Γ α P and W α P respectively, which are proportional to the coherent intensity and so to ℑ{2γ P ⊥ (k)}. It is convenient to identify their specific contribution to Γ α and W α for observational purposes in imaging. Propagating modes are those associated to complex poles of the propagators in the integrands of eq.(4). We can read their contribution from the diagrams in Fig.2 ,
where the first term on the right hand side (r.h.s) of Eq. (11) contains the contribution of bulk propagation -transverse components of diagrams (b 1 ), (b 2 ), (b 4 ) in Fig.2 . All the above integrals in Eqs.(4-7,11) can be performed analytically at any order inkR. However, for the sake of consistency with the approximations considered so far, we take the limitkR ≪ 1 and keep leading order terms,
It is our choice to normalize W α to the propagating power in vacuum,
where
is the renormalization factor due to self-polarization cycles. Written this way, we recognize in the first term of the r.h.s of Eq. (13) (14) are associated to absorbtion in the host medium [6, 11] while that in Eq. (15) corresponds to absorbtion in the emitter. The propagating emission reads
As shown in [6] at leading order, the second term in Eq.(16) subtracts from the total Γ LL the nonpropagating, non-absorptive longitudinal contribution.
It is worth comparing this result with that obtained in [6] . There, provided that ǫ follows Maxwell-Garnett (MG) formula [9] and neglecting absorbtion,
Eq. (16) and Eq.(17) agree at leading order in χ. However, in [6] the cermet topology was considered and the emitter was placed at the site of one of the host scatterers. The coincidence of both approaches at leading order bases on the fact that the limit k 0 ξ ≪ 1, with ξ being the radius of the exclusion volume between host scatterers, is implicit in Eq. (17) . Therefore, no spatial dispersion enters χ -hence, MG holds-and the radius of the virtual cavity R = ξ also satisfies k 0 R ≪ 1 as in the present case. It is straightforward to write W α P in function of the effective refraction indexn and the extinction coefficient κ ≡ (2k 0 l ext ) −1 , with l ext the extinction mean free path, using the identities ℜ{χ} =n 2 − 1 − κ 2 and ℑ{χ} = 2nκ,
For the sake of completeness, we give also the values of the non-propagating emission in terms ofn, κ and α 0 ,
where Eqs.(19,20,21) correspond to the power absorbed by the emitter, the transverse non-propagating power, W N P ⊥ , and the longitudinal emission, W α , respectively. Further on, by invoking causality, Kramers-Kronig sum rules relaten and l ext and variations of W α can be obtained as a function of ω 0 [12] .
Let us introduce next the self-polarization effect. This is done by multiplying all the expressions above for W α by the renormalization factor R p (α 0 ). Neglecting absorbtion both in the emitter and in the host medium, we obtain at leading order in k 0 R,
where V R is the volume of the emitter cavity. In contrast, the OB renormalization factor due to self-polarization reads [8, 13, 14] , In the following, we address the scenario where the emitter is of Lorentzian kind and compute Eqs. (8) (9) (10) . We first solve for the renormalized resonance wave vector k res ,
